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SOME NEW RESULTS ON DIMENSION DATUM
JUN YU
Abstract. In this paper we show three new results concerning dimension
datum. Firstly, for two subgroups H1(∼= U(2n + 1)) and H2(∼= Sp(n) ×
SO(2n + 2)) of SU(4n + 2), we find a family of pairs of irreducible repre-
sentations (τ1, τ2) ∈ Hˆ1 × Hˆ2 such that DH1,τ1 = DH2,τ2 . With this we
construct examples of isospectral hermitian vector bundles. Secondly, we
show that: τ -dimension data of one-dimensional representations of a con-
nected compact Lie group H determine the image of homomorphism from
H to a given compact Lie group G. Lastly, we improve a compactness
result for an isospectral set of normal homogeneous spaces (G/H,m) by
allowing the Riemannian metric m vary, but posing a constraint that G is
semisimple.
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1. Introduction
Let G be a compact Lie group. Write Gˆ for the set of isomorphism classes
of irreducible complex linear representations of G, which is a countable set.
The dimension datum of a closed subgroup H is defined by
DH : Gˆ→ Z, ρ 7→ dim ρH .
The dimension datum was first studied by Larsen and Pink in their pioneer-
ing work [5], with the motivation of helping determine monodromy groups
of ℓ-adic Galois representations. In the beginning of the 21st century, Lang-
lands launched a program of “beyond endoscopy”, where he used dimension
datum as a key ingredient in his stable trace formula approach to showing
general functoriality. Since then dimension datum catches more attention in
the mathematical community. Besides number theory and and automorphic
form theory, dimension datum also has applications in differential geometry,
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e.g, it is used to construct non-isometric isospectral closed Riemannian mani-
folds ([1]). In [9], we classified connected closed subgroups of a given compact
Lie group with the same dimension datum, and characterized linear relations
among distinct dimension data. In [10] we showed that the space of dimension
data of closed subgroups in a given compact Lie group is compact.
In this paper, we show several new results concerning dimension datum after
previous works [5], [1], [9], [10]. Let τ be an irreducible representation of H ,
define
DH,τ : Gˆ→ Z, ρ 7→ dimHomH(τ, ρ|H),
and call it the τ -dimension datum of H . Like for dimension datum, one could
again ask about equalities and linear relationes among τ -dimension data. In
Section 2 we reduce this to the study of characters associated to sub-root
systems and weights. Generalizing the treatment in [1] and [9], for two sub-
groups H1(∼= U(2n+1)) and H2(∼= Sp(n)×SO(2n+2)) of SU(4n+2), we find
a family of pairs of irreducible representations (τ1, τ2) ∈ Hˆ1 × Hˆ2 such that
DH1,τ1 = DH2,τ2 . This enables us to construct examples of isospectral hermitian
vector bundles, which is a generalization of examples of isospectral manifolds
found in [1]. In Section 3, we show that: τ -dimension data of one-dimensional
representations of a connected compact Lie group H determine the image of
homomorphism from H to a given compact Lie group G. This result is a
generalization of the main theorem of [5] by removing the semisimplicity con-
straint. In Section 4, we improve a compactness result for an isospectral set
of normal homogeneous spaces (G/H,m) by allowing the Riemannian metric
m vary, but posing a constraint that G is semisimple. We also pose a conjec-
ture concerning the compactness of an isospectral set of normal homogeneous
spaces.
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ful communications in the early stage of this work, and to thank Emilio Lauret
for detailed comments and corrections on an early draft of this paper. Thanks
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2. The τ-dimension datum of a connected subgroup
2.1. Root system and character. Let T be a torus in G. Write X∗(T ) for
the weight lattice of T . Write
Γ◦ = NG(T )/ZG(T ).
Choose a biinvariant Riemannian metric on G. Restricting to T it gives a
positive definite inner product on the Lie algebra t0 of T . Dually, it induces
a positive definite inner product on the dual space t∗0. We have X
∗(T ) ⊂ it∗0.
Multiplying by −1 and by restriction, it gives a positive definite inner product
on X∗(T ), denoted by (·, ·), which is necessarily Γ0 invariant.
As in [9, Definition 2.2], a root system in the lattice X∗(T ) is a finite subset
Φ satisfying the following conditions,
SOME NEW RESULTS ON DIMENSION DATUM 3
(1) For any two roots α ∈ Φ and β ∈ Φ, the element β − 2(β,α)
(α,α)
α ∈ Φ.
(2) (Strong integrality) For any root α ∈ Φ and any vector λ ∈ X∗(T ),
the number 2(λ,α)
(α,α)
is an integer.
As in [9, Definition 3.1], set
ΨT =
{
0 6= α ∈ X∗(T ) : 2(λ, α)
(α, α)
∈ Z, ∀λ ∈ X∗(T )}.
Define Ψ′T as the intersection of sub-root systems of ΨT which contain all root
systems R(H, T ) where H runs through connected closed subgroups H of G
with T a maximal torus of H .
Defined as above, ΨT is itself a root system in the lattice X
∗(T ), and it
contains all root systems in the lattice X∗(T ); Ψ′T is also a root system in
the lattice X∗(T ), which is necessarily Γ0 stable. The following proposition
summarizes Proposition 3.3 and Corollary 3.4 in [9].
Proposition 2.1. We have WΨ′
T
⊂ Γ0, and Ψ′T equals to the union of root
systems R(H, T ) where H runs over closed connected subgroups H of G with
T a maximal torus of H.
Choose a positive system Ψ+T of ΨT . For a root system Φ in the lattice
X∗(T ), set
δΦ =
1
2
∑
α∈Φ∩Ψ+
T
α.
For a root system Φ in the lattice X∗(T ) and a weight λ ∈ X∗(T ), set
AΦ,λ =
∑
τ∈WΦ
sgn(w)[λ+ δΦ − τδΦ] ∈ Q[X∗(T )].
For a finite group W between WΦ and Γ
◦, set
FΦ,λ,W =
1
|W |
∑
τ∈W
τ(AΦ,λ) ∈ Q[X∗(T )].
For a weight λ ∈ X∗(T ) and a finite subgroup W of Γ◦, set
χ∗λ,W =
1
|W |
∑
τ∈W
[τλ] ∈ Q[X∗(T )].
Then,
FΦ,λ,W =
∑
τ∈WΦ
sgn(w)χ∗λ+δΦ−τδΦ,W .
Note that χ∗λ,W = χ
∗
λ′,W if and only of Wλ = Wλ
′. Choose a set Λ′ of the
set of W orbits in X∗(T ). Then, {χ∗λ,W : λ ∈ Λ′} is a basis of Q[X∗(T )], the
subspace of W invariant characters on T .
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Proposition 2.2. Let τ1 ∈ Ĥ1 and τ2 ∈ Ĥ2. If DH1,τ1 = DH2,τ2, then H1 and
H2 have conjugate maximal tori. Assume that T is a maximal torus of both H1
and H2, write Φi ⊂ X∗(T ) for the root system of R(Hi, T ) (i = 1, 2). Then,
DH1,τ1 = DH2,τ2 ⇔ FΦ1,λ1,Γ◦ = FΦ2,λ2,Γ◦ ,
where λi ∈ X∗(T ) is highest weight of τi (i = 1, 2).
Proof. We first calculate FΦ(t)χλ(t), where H is a connected closed subgroup
of G with T a maximal torus of H , Φ ⊂ X∗(T ) is the root system of H , FΦ is
the Weyl product of H , and χλ is the character of an irreducible representation
of H with highest wight λ. Write δ = δΦ. The calculation goes as follows,
|WΦ|FΦ(t)χλ(t) = χλ
∏
α∈Φ
(
1− [α])
=
∏
α∈Φ+
(
[
−α
2
]− [α
2
]
)
(χλ
∏
α∈Φ+
(
[
α
2
]− [−α
2
]
)
)
=
( ∑
w∈WΦ
sgn(w)[−wδ])( ∑
τ∈WΦ
sgn(τ)[τ(λ + δ)]
)
=
∑
w,τ∈WΦ
sgn(w) sgn(τ)[−wδ + τ(λ+ δ)]
=
∑
τ∈WΦ
τ
( ∑
w∈WΦ
sgn(w)[λ+ δ − wδ])
= |WΦ|FΦ,λ,WΦ.
Then,
(2.1) FΦ(t)χλ(t) = FΦ,λ,WΦ.
Due to WΦ ⊂ Γ0, we have
1
|Γ0|
∑
γ∈Γ0
γ · FΦ,λ,WΦ = FΦ,λ,Γ◦ .
Then, a similar argument as in the proof of [9, Propositions 3.8] shows the
conclusion of the proposition. 
The following proposition could be shown in the way as the proof of [9,
Proposition 3.8].
Proposition 2.3. Given a compact Lie group G, let H1, H2, . . . , Hs ⊂ G
(s ≥ 2) be a collection of closed connected subgroups of G. For a set of non-
zero constants c1, · · · , cs, in order for∑
1≤i≤s
ciDHi,τi = 0
holds it is necessary and sufficient that: for any torus T of G,∑
1≤j≤t
cijFΦij ,λij ,Γ◦ = 0.
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Here
Γ◦ = NG(T )/ZG(T ),
{Hij : i1 ≤ i2 ≤ · · · ≤ it} are all subgroups amongst {Hi : 1 ≤ i ≤ s} with Hij
contains a torus conjugate to T , Φij is the root system of Hij with respect to
T , and λi is highest weight of τi.
Similar as for dimension datum, one proposes the following two questions
which concern the equalities and linear relations among τ -dimension data.
Question 2.1. Given a root system Ψ, when Fλ1,Φ1,Aut(Ψ) = Fλ2,Φ2,Aut(Ψ) for
two sub-root systems Φ1,Φ2 of Ψ and two characters λ1, λ2 in the lattice
ΛΨ = {λ ∈ QΨ : 2(λ, α)
(α, α)
∈ Z, ∀α ∈ Ψ}.
Question 2.2. Given a root system Ψ, which linear relates are there among
the characters {Fλ,Φ,WΨ : Φ ⊂ Ψ, λ ∈ ΛΨ}?
Similar as corresponding questions for dimension datum, one may reduce
both Question 2.1 and Question 2.2 to the case that Ψ is an irreducible root
system. In this paper we do not intend to solve Questions 2.1 and 2.2, but
only discuss Question 2.1 in the case that Ψ is an irreducible non-reduced root
system of rank n.
2.2. The case when Ψ = BCn. There is a nice idea in [5] which transfers
characters FΦ,0,WBCn into polynomials. In [1] and [9], we further find matrix ex-
pression for the resulting polynomials. Here, we extend these to the characters
FΦ,λ,WBCn .
Following [9, Section 7], we briefly recall the idea of [5] which identifies the
direct limit of character groups with polynomial ring. Set
Zn := ZBCn = ΛBCn = spanZ{e1, e2, ..., en},
Wn := Aut(BCn) = WBCn = {±1}n ⋊ Sn,
Zn := Q[Z
n],
Yn := Z
Wn
n .
For m ≤ n, the injection
Zm →֒ Zn : (a1, ..., am) 7→ (a1, ..., , am, 0, ..., 0)
extends to an injection im,n : Zm →֒ Zn. Define φm,n : Zm → Zn by
φm,n(z) =
1
|Wn|
∑
w∈Wn
w(im,n(z)).
Thus φm,nφk,m = φk,n for any k ≤ m ≤ n and the image of φm,n lies in Yn.
Hence {Ym : φm,n} forms a direct system and we define
Y = lim
−→n
Yn.
Define the map jn : Zn → Y by composing φn,p with the injection Yp →֒ Y .
The isomorphism Zm ⊕ Zn −→ Zm+n gives a canonical isomorphism M :
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Zm ⊗Q Zn −→ Zm+n. Given two elements of Y represented by y ∈ Ym and
y′ ∈ Yn we define
yy′ = jm+n(M(y ⊗ y′)).
This product is independent of the choice of m and n and makes Y a commu-
tative associative algebra.
The monomials [e1]
k1 · · · [en]kn (k1, k2, · · · , kn ∈ Z) form a Q basis of Zn,
where [ei]
ki = [kiei] ∈ Z1 is a linear character. Hence Y has a Q basis
e(k1, k2, ..., kn) = jn([e1]
k1 · · · [en]kn)
indexed by n ≥ 0 and k1 ≥ k2 ≥ · · · ≥ kn ≥ 0. Mapping e(k1, k2, ..., kn) to
xk1xk2 · · ·xkn , we get a Q linear map
E : Y −→ Q[x0, x1, ..., xn, ...].
This map E is an algebra isomorphism. Here x0 = 1 and write as x0 for
notational convenience. For any k1 ≥ k2 ≥ · · · ≥ kn ≥ 0 (each ki ∈ Z) and
λ = k1e1 + k2e2 + · · ·+ knen, one has
jn(χ
∗
λ,Wn) = e(k1, k2, . . . , kn) ∈ Y
and
E(jn(χ
∗
λ,Wn)) = xk1xk2 · · ·xkn .
Given f ∈ Q[x0, x1, ...], set
σ(f)(x0, x1, ..., x2n, x2n+1, ...) = f(x0,−x1, ..., x2n,−x2n+1, ...).
Then, σ is an involutive automorphism of Q[x0, x1, ...].
Write an(λ), bn(λ), cn(λ), dn(λ) for the image of jn(FΦ,λ,Wn) under E for
Φ = An−1, Bn, Cn or Dn, and a weight λ ∈ Zn. Observe that an(λ), bn(λ),
cn(λ), dn(λ) are homogeneous polynomials of degree n with integer coefficients.
Write b′n(λ) = (−1)
∑
1≤i≤n kiσ(bn(λ)). Define matrices
An(λ) = (x|kj+i−j|)n×n,
Bn(λ)=(x|kj+i−j|−x|kj+2n+1−i−j|)n×n, B′n(λ)=(x|kj+i−j|+x|kj+2n+1−i−j|)n×n,
Cn(λ)=(x|kj+i−j|−x|kj+2n+2−i−j|)n×n, Dn(λ)=(x|kj+i−j|+x|kj+2n−i−j|)n×n,
D′n(λ) = (yi,j)n×n,
where yi,j = x|kj+i−j|+x|kj+2n−i−j| if i, j ≤ n − 1, yn,j =
√
2x|kj+n−j|, yi,n =√
2
2
(x|kn+i−n| + x|kn+n−i|) and yn,n = x|kn|.
Lemma 2.4. We have
detAn(λ) = an(λ), detBn(λ) = bn(λ),
detB′n(λ) = b
′
n(λ), detCn(λ) = cn(λ),
1
2
detDn(λ) = detD
′
n(λ) = dn(λ).
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Proof. First consider Φ = An−1. Then, an(λ) = E(jn(AΦ,λ)), where
AΦ,λ =
∑
τ∈Sn
sgn(τ)[λ+ δ − τδ]
with δ = (n
2
− 1
2
, n
2
− 3
2
, . . . , 1
2
− n
2
). For a permutation τ ∈ Sn, one has
E(jn(sgn(τ)[λ+ δ − τδ])) = sgn(τ)
∏
1≤j≤n
x|kj+τ(j)−j|,
which is equal to the term in the expansion of detAn(λ) corresponding to the
permutation τ−1. Hence, detAn(λ) = an(λ).
Now consider Φ = Dn. Define a new character ǫ
′ : Wn → {1} by ǫ′|WDn =
sgn |WDn and ǫ′(se1) = 1. Due to sen(δDn) = δDn , one has
FDn,λ,WDn =
1
2
∑
w∈Wn
ǫ′(w)χ∗λ+δ−wδ,Wn
where δ = (n − 1
2
, n − 3
2
, . . . , 1
2
). Put En = 〈sej : 1 ≤ j ≤ n〉 ⊂ Wn. Then,
Wn = Sn ⋉ En. Then, one shows that: for any given τ ∈ Sn,∑
γ∈En
ǫ′(τγ)E(jn(χ∗λ+δ−τγδ,Wn))
is equal to the term in the expansion of detAn(λ) corresponding to the per-
mutation τ−1. Hence, 1
2
detDn(λ) = dn(λ).
The proof for detBn(λ) = bn(λ) and detCn(λ) = cn(λ) is similar to the
proof for 1
2
detDn(λ) = dn(λ). For these, WBn = WCn = Wn, and we just use
the sign function on Wn.
From detBn(λ) = bn(λ), by applying the involutive automorphism σ we
get detB′n(λ) = b
′
n(λ). It is clear that detD
′
n(λ) =
1
2
detDn(λ). Thus,
detD′n(λ) = dn(λ). 
Proposition 2.5. (i) Let n = 2m+ 1 be odd, k1 ≥ k2 · · · ≥ kn, and kn+1−i +
ki = 0 (∀i, 1 ≤ i ≤ m). Then
a2m+1(λ) = cm(λ1)dm+1(λ2),
where λ1 = (k1, . . . , km), λ2 = (k1, . . . , km+1).
(ii) Let n = 2m be even, k1 ≥ a2 · · · ≥ kn, and kn+1−i + ki = 0 (∀i,
1 ≤ i ≤ m). Then
a2m(λ) = bm(λ1)b
′
m(λ2),
where λ1 = λ2 = (k1, . . . , km).
Proof. (i) Define Lm inductively by L1 = 1 and
Lm =

 1Lm−2
1


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for any m ≥ 2. Then, L2m = I. The matrix A2m(λ) is of the form(
X Y
LmY Lm LmXLm
)
,
where X, Y are two m×m matrices. By calculation we have
1
2
(
I Lm
−Lm I
)(
X Y
LmY Lm LmXLm
)(
I −Lm
Lm I
)
=
(
X + Y Lm 0
0 LmXLm − LmY
)
.
One can check that X + Y Lm (resp. X − Y Lm) is just the matrix B′m(λ2)
(resp. Bm(λ1)). Thus,
a2m(λ) = bm(λ1)b
′
m(λ2)
by Lemma 2.4.
(ii) The matrix A2m+1(λ) is of the form
 X βt Yα z αLm
LmY Lm γ
t LmXLm

 ,
where X, Y are two m×m matrices, α, β, γ are 1×m vectors. By calculation
we have
1
2

 I Lm√2
−Lm I



 X βt Yα z αLm
LmY Lm γ
t LmXLm



 I −Lm√2
Lm I


=

 X + Y Lm
√
2
2
(βt + Lmγ
t) 0√
2α z 0
0
√
2
2
(−Lmβt + γt) LmXLm − LmY

 .
The matrix (
X + Y Lm
√
2
2
(βt + Lmγ
t)√
2α z
)
is just D′m+1(λ2), and the matrix X − Y Lm is just Cm(λ1). Thus,
a2m+1(λ) = cm(λ1)dm(λ2)
by Lemma 2.4. 
2.3. Isospectral hermitian vector bundles. Let H be a closed subgroup
of a connected compact Lie group G, and (Vτ , τ) be a finite-dimensional irre-
ducible complex linear representation of H (Vτ is the representation space of
τ ∈ Ĥ). Write Eτ = G×τ Vτ for a G-equivariant vector bundle on X = G/H
induced from Vτ . As a set, Eτ is the set of equivalence classes in G× Vτ ,
(g, v) ∼ (g′, v′)⇔ ∃x ∈ H s.t. g′ = gx, v′ = x−1 · v.
Write C∞(G/H,Eτ ) for the space of smooth sections of Eτ . Then,
C∞(G/H,Eτ ) = (C∞(G, Vτ ))H ,
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where C∞(G, Vτ ) the space of smooth functions f : G→ Vτ and H acts on it
through
(xf)(g) = x · f(gx).
The group G acts on C∞(G/H,Eτ ) through
(g′f)(g) = f(g′−1g).
By differentiation, we get an action of g0 = LieG on C
∞(G/H,Eτ ), and so
an action of the universal enveloping algebra U(g0) on C
∞(G/H,Eτ ). Let ∆τ
denote the resulting differential operator on C∞(G/H,Eτ ) from the Casimir
element C ∈ Z(g0) = U(g0)G. The action of ∆τ on C∞(G/H,Eτ) commutes
with the action by G, and it is a second order elliptic differential operator.
Choose an H-invariant positive definite inner product (·, ·) on Vτ (which is
unique up to scalar). It induces a hermitian metric on Eτ and makes it a
hermitian vector bundle. Define a hermitian pairing (·, ·) on C∞(G/H,Eτ ) by
(f1, f2) =
∫
G/H
(f1(g), f2(g))d(gH),
where d(gH) is a G-equivariant measure on G/H of volume 1. As ∆τ is
an elliptic differential operator, any eigen-function of it in L2(G/H,Eτ ) is a
smooth section. By the Peter-Weyl theorem,
(2.2) L2(G/H,Eτ ) =
⊕ˆ
ρ∈Ĝ
L2(G/H,Eτ )ρ
where the ρ-isotropic subspace L2(G/H,Eτ )ρ has multiplicity equal to dimHomH(τ, ρ|H)
by the Frobenius reciprocity. We know that ∆τ acts on the ρ-isotropic compo-
nent L2(G/H,Eτ )ρ by a scalar determined by ρ. By this, we have the following
fact: if DH1,τ1 = DH2,τ2 , then the Hermitian vector bundles Eτ1 = G ×τ1 Vτ1
(on G/H1) and Eτ2 = G×τ2 Vτ2 (on G/H2) are isospectral with respect to the
differential operators ∆τ1 and ∆τ2 .
In G = SU(4n+ 2), set
H1 = {(A,A) : A ∈ U(2n+ 1)},
H2 = {(A,B) : A ∈ Sp(2n), B ∈ SO(2n+ 2)}.
Then, H1 ∼= U(2n + 1), H2 ∼= Sp(n)× SO(2n + 2). For a sequence of integers
k1 ≥ k2 ≥ · · · ≥ k2n+1 with ki + k2n+2−i = 0 for any i, 1 ≤ i ≤ n, write
λ = (k1, k2, . . . , k2n+1) for a weight of H1 ∼= U(2n+1). Write λ1 = (k1, . . . , kn)
for a weight of Sp(2n), λ2 = (k1, . . . , kn+1) for a weight of SO(2n+2), and λ
′ =
(λ1, λ2) for a weight ofH2. Write τλ (resp. τλ′) for an irreducible representation
of H1 (resp. H2) with highest weight λ (resp. λ
′). By Proposition 2.5 we have
the following theorem.
Theorem 2.6. For G = SU(4n + 2), subgroups H1, H2 and representations
τλ and τλ′ as above, the hermitian vector bundles Eτλ = G×τλ Vτλ (on G/H1)
and Eτλ′ = G×τλ′ Vτλ′ (on G/H2) are isospectral with respect to the differential
operators ∆τi (i = 1, 2).
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3. Generalization of a theorem of Larsen-Pink
A striking theorem of Larsen and Pink ([5, Theorem 1]) says that the di-
mension datum of a connected compact semisimple subgroup determines the
isomorphism class of the subgroup. Fix a connected compact groupH (without
assuming semi-simplicity) and consider homomorphisms from it to a connected
compact Lie group G. We show in the following Theorem 3.1 that τ -dimension
data for one-dimensional representations ofH determine the isomorphism class
of the image of the homomorphism. This answers affirmatively a question of
Professor Richard Taylor posed to the author during his stay in IAS in 2013.
Theorem 3.1. Let G,H be connected compact Lie groups, and f1, f2 : H → G
be two homomorphisms. If
dim((ρ ◦ f1)⊗ χ)H = dim((ρ ◦ f2)⊗ χ)H
for any ρ ∈ Ĝ and any χ ∈ X (H) = Hom(H,U(1)), then f1(H) ∼= f2(H).
Proof of Theorem 3.1. The torus case. To motivate the proof in the general
case, we first show Theorem 3.1 in the case that H is a torus. First we
show ker f1 = ker f2. Suppose no. Without loss of generality we assume that
ker f1 6⊂ ker f2. Then, there exists χ ∈ X (H) such that χ|ker f1 6= 1 and
χ|ker f2 = 1. For any ρ ∈ Ĝ, ρ ◦ f1|ker f1 = 1, hence dim((ρ ◦ f1) ⊗ χ)H = 0.
As χ|ker f2 = 1, χ descends to a linear character χ′ of f2(H) ⊂ G. Choose
some ρ ∈ Ĝ such that ρ ⊂ IndGf2(H)(χ′∗). Then, dim((ρ ◦ f2) ⊗ χ)H > 0.
This is in contradiction with dim((ρ ◦ f1)⊗ χ)H = dim((ρ ◦ f2)⊗ χ)H . Thus,
ker f1 = ker f2.
By considering H/ ker f1 instead, we may assume that both f1 and f2 are
injections. By considering the support of the Sato-Tate measure of fi(H)
(which is the push-forward to G♯ (the space of G-conjugacy classes in G) of
a normalized Haar measure on H under the map fi(H) →֒ G → G♯), we
know that f1(H) and f2(H) are conjugate in G ([9, Proposition 3.7]). We may
assume that f1(H) = f2(H), and denote it by T . Write Γ
◦ = NG(T )/ZG(T ).
We identify H with T through f1, and regard f2 as an automorphism of T ,
denoted by φ. Then, the condition in the theorem is equivalent to
F∅,χ,Γ0 = F∅,φ∗(χ),Γ0
by Proposition 2.3. This is also equivalent to φ∗(χ) ∈ Γ◦ · χ. We show that
φ = γ|T for some γ ∈ Γ◦. Suppose it is not the case. For any γ ∈ Γ0, due to
φ 6= γ|Γ0,
Xγ = {χ ∈ X (H) : φ∗(χ) = γ · χ}
is a sublattice of X (H) with positive corank. Hence,⋃
γ∈Γ◦
Xγ 6= X (H).
This is in contradiction with φ∗(χ) ∈ Γ◦ · χ for any χ ∈ X (H).
The general case. First we show Hder ker f1 = Hder ker f2. Here Hder = [H,H ]
is the derived subgroup of H . Suppose no. Without loss of generality we
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assume that Hder ker f1 6⊂ Hder ker f2. Then, there exists χ ∈ X (H) such that
χ|Hder ker f1 6= 1 and χ|Hder ker f2 = 1. For any ρ ∈ Ĝ, ρ ◦ f1|ker f1 = 1, hence
dim((ρ ◦ f1) ⊗ χ)H = 0. As χ|Hder ker f2 = 1, χ descends to a linear character
χ′ of f2(H) ⊂ G. Choose some ρ ∈ Ĝ such that ρ ⊂ IndGf2(H)(χ′). Then,
dim((ρ ◦ f2) ⊗ χ)H > 0. This is in contradiction with dim((ρ ◦ f1) ⊗ χ)H =
dim((ρ ◦ f2)⊗ χ)H . Thus, Hder ker f1 = Hder ker f2.
Write Hi = fi(H). Due to H/Hder ker fi ∼= Hi/(Hi)der, we have
H1/(H1)der ∼= H2/(H2)der.
Choose a maximal torus Ti of Hi. Write (Ti)s = Ti ∩ (Hi)der. Then, (Ti)s is a
maximal torus of (Hi)der and Ti = Z(Hi)
0 ·(Ti)s. Due to Ti/(Ti)s ∼= Hi/(Hi)der,
we have
T1/(T1)s ∼= T2/(T2)s.
By considering the support of Sato-Tate measures of H1 and H2, we know
that T1 and T2 are conjugate in G ([9, Proposition 3.7]). We may assume that
T1 = T2, and denote it by T . Write Γ
◦ = NG(T )/ZG(T ).
Choose a biinvariant Riemannian metric on G, which induces a Γ◦ invariant
inner product on the Lie algebra of T , and also a Γ◦ invariant inner product
on the weight lattice X∗(T ). Write Φi ⊂ X∗(T ) for the root system of Hi.
Write
Xi = X (Ti/(Ti)s) ⊂ X∗(T ).
Then, T1/(T1)s ∼= T2/(T2)s gives an isomorphism φ : X1 → X2. For any
χ1 ∈ X1, write χ2 = φ(χ1). Then,
FΦ1,χ1,Γ0 = FΦ2,χ2,Γ0
by Proposition 2.3. Due to χi is orthogonal to δΦi − wδΦi for any w ∈ WΦ,
χ∗χi,Γ◦ is the shortest term in the expansion of FΦi,χi,Γ0 . Thus, χ2 = γ · χ1
for some γ ∈ Γ◦. Arguing similarly as in the torus case, one can show that
φ = γ|X1 for some γ ∈ Γ◦. Replacing f2 by Ad(g) ◦ f2 for some g ∈ G if
necessary, we may assume that φ = id. Then, X1 = X2 and (T1)s = (T2)s.
As the Lie algebra of Z(Hi)
0 is orthogonal to the Lie algebra of (Ti)s, we also
have Z(H1)
0 = Z(H2)
0. Write Z = Z(Hi)
0, Ts = (Ti)s and X = Xi. Let G
′
be the centralized of Z in G. Put
Γ′ = NG′(Ts)/ZG′(Ts).
Then,
Γ′ = {γ ∈ Γ◦ : γ|Z = id} = {γ ∈ Γ◦ : γ|X = id}.
If the rank X has rank 0 (i.e., X = 0), then H1 and H2 are semisimple
groups. By ([5, Theorem 1]), one has H1 ∼= H2. Now assume that X has
positive rank. For any γ ∈ Γ◦ − Γ′,
Xγ = {χ ∈ X : γ · χ = χ}
is a sublattice of positive corank. Thus,⋃
γ∈Γ◦
Xγ 6= X.
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Choose χ0 ∈ X −
⋃
γ∈Γ◦ Xγ. Write
c = min{|γ · χ0 − χ0| : γ ∈ Γ◦ − Γ′} > 0,
c′ = max{|δΦ2 − w2δΦ2 |+ |δΦ1 − w1δΦ1 | : w1 ∈ WΦ1 , w2 ∈ WΦ2} ≥ 0.
Take m ≥ 1 such that mc > 2c′. Put χ = mχ0. Then, for γ ∈ Γ◦, wj ∈ WΦij
(ij = 1 or 2),
γ(χ + δΦi1 − w1δΦi1 ) = χ + δΦi2 − w2δΦi2
if and only if γ ∈ Γ′ and
γ(δΦi1 − w1δΦi1 ) = δΦi2 − w2δΦi2 .
Then, FΦ1,χ,Γ0 = FΦ2,χ,Γ0 implies FΦ1,0,Γ′ = FΦ2,0,Γ′. Define a root system ΨTs
as in the Subsection 2.1. Then, Γ′ ⊂ Aut(ΨTs). Thus,
FΦ1,0,Aut(ΨTs ) = FΦ2,0,Aut(ΨTs ).
By this, results in [9, Section 7] imply that Φ2 = γ ·Φ1 for some γ ∈ Aut(ΨTs).
This leads to an isomorphism η : (H1)der → (H2)der which stabilizes Ts and
has η|Ts = γ. Note that Z ∩ (Hi)der = Z ∩ (Ti)s = Z ∩ Ts ⊂ Ts ∩ Z(G′).
Decompose ΨTs into an orthogonal union of irreducible root systems, which
gives to a decomposition of Ts. Due to BCn is its own dual lattice, Ts ∩Z(G′)
is contained in the product of those factors of Ts which correspond to reduced
irreducible factors of ΨTs. The results in [9, Section 7] imply that there exists
γ′ ∈ Γ′ such that the action γ on reduced irreducible factors of ΨTs coincides
with that of γ′. Hence,
η|Ts∩Z(G′) = γ|Ts∩Z(G′) = γ′|Ts∩Z(G′) = id .
Then, η extends to an isomorphism η : H1 → H2 by letting η|Z = id. 
4. Compactness of isospectral set
A big conjecture in spectral geometry says that any set of isospectral closed
Riemannian manifolds is compact ([2], [6]). In [10] we show a result of this
favor for normal homogeneous spaces.
Theorem 4.1. ([10, Theorem 3.6]) Given a compact Lie group G equipped
with a bi-invariant Riemannian metric m0, up to isometry, any collection of
isospectral normal homogeneous spaces of the form (G/H,m0), where H ⊂ G
is a closed subgroup, must be finite. That is, for any closed subgroup H of G,
up to conjugacy, there are finitely many closed subgroups H1, · · · , Hk of G such
that the normal homogeneous space (G/Hj, m0) is isospectral to (G/H,m0).
Here we prove a generalization of the above theorem in case G is semisimple
by allowing the metric vary.
Theorem 4.2. Given compact semisimple Lie group G, there are only finitely
many conjugacy classes of closed subgroups H of G such that there exists a bi-
invariant Riemannian metric m on G which induces a normal homogeneous
space (G/H,m) with Laplace spectrum equals to a given spectrum.
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Proof. First we may assume that G is connected and simply connected. Write
G = G1 × · · ·Gs for the decomposition of G into simple factors. For each i,
choose a bi-invariant Riemannian metric m0i on Gi. By normalization we may
assume that the Laplace operator and Casimir operator coincide on C∞(Gi)
(1 ≤ i ≤ s).
Suppose that {(G/Hn, mn) : n ≥ 1} is a sequence of normal homogeneous
spaces such that the Laplace spectrum of each (G/Hn, mn) is equal to a given
spectrum, and Hn (n ≥ 1) are non-conjugate to each other. Write
mn =
⊕
1≤i≤s
a
(n)
i m
0
i .
By [10, Theorem 1.1], there exists a closed subgroup H of G, a subsequence
{Hnj : j ≥ 1} and a sequence {gj : j ≥ 1, gj ∈ G} such that for all j ∈ N,
[H0, H0] ⊂ gjHnjg−1j ⊂ H,
and
lim
j→∞
DHnj
= DH .
Substituting {(G/Hn, mn) : n ≥ 1} by a subsequence if necessary we may
assume that: for any n ≥ 1,
[H0, H0] ⊂ Hn ⊂ H,
and
lim
j→∞
DHn = DH .
Since Hn are assumed to be non-conjugate to each other, at most finitely
many of them contain H0. By removing such exceptions, we may assume that
dimHn < dimH for all n.
We may also assume that each sequence {a(n)i : n ≥} converges. Write
ai = lim
n→∞
a
(n)
i ∈ [0,∞].
Without loss of generality we assume that
a1 = · · · = au = 0,
0 < au+1, . . . , av <∞,
av+1 = · · · = as =∞,
where 0 ≤ u ≤ v ≤ s. Write
G(1) =
∏
1≤i≤u
Gi, G
(2) =
∏
1≤i≤v
Gi, G
(3) =
∏
v+1≤i≤s
Gi,
G′ =
∏
u+1≤i≤v
Gi, H
′ = G′ ∩ (HG(1)), m′ =
⊕
u+1≤i≤v
aim
0
i .
Write χj(ρ) (1 ≤ j ≤ s) for the eigenvalue of Laplace operator associated
to (Gj, mj) on matrix coefficients of ρ ∈ Ĝj . We know that: χj(ρ) ≥ 0, and
χj(ρ) = 0 if and only if ρ = 1.
14 JUN YU
We first show that G(3) 6⊂ HG(2). Suppose no. Then, there exists a nontrivial
irreducible representation
ρ =
⊗
v+1≤i≤s
ρi
of G(3) such that V G
(3)∩HG(2)
ρ 6= 0. Take 0 6= v ∈ V G(3)∩HG(2)ρ and 0 6= α ∈ V ∗ρ .
Set
fv,α(g1, . . . , gs) = α((gv+1, . . . , gs) · v).
Then, fv,α ∈ C∞(G/H) ⊂ C∞(G/Hn) for any n ≥ 1. The Laplace eigenvalue
for fv,α ∈ C∞(G/Hn) is equal to∑
v+1≤i≤s
1
a
(n)
i
χi(ρi) > 0.
When n → ∞, this value tends to 0. This is in contradiction with the fact
that the Laplace spectrum of each G/Hn is equal to a given spectrum which
is a discrete set in R≥0.
Now we assume G(3) ⊂ HG(2). Due to [H0, H0] ⊂ Hn for any n ≥ 1, we
have G(3) ⊂ HnG(2) for any n ≥ 1. Then, each Hn is of the form
Hn = (Hn ∩G(2))× {(φn(x), x) : x ∈ G(3)}
for some homomorphism φn : G
(3) → G(2). Since G(3) is semisimple,
Hom(G(3), G(2))/ ∼G(2)
(∼G(2) means the conjugation action of G(2) on Hom(G(3), G(2)) by acting on
the target of homomorphisms) is a finite set. Replacing Hn by a subsequence
if necessary, we may assume that there exists φ ∈ Hom(G(3), G(2)) such that
φn = φ for any n ≥ 1. Put G(4) = {(φn(x), x) : x ∈ G(3)}. Let G(5) be the
centralizer of G(4) in G. Then, G(5) ⊂ G(2). By the above form of Hn, we have
Hn = (Hn ∩ G(2)) × G(4) and Hn ∩ G(2) ⊂ G(5) for any n ≥ 1. We also have
H = (H ∩G(2))×G(4) and H ∩G(2) ⊂ G(5). Applying [10, Theorem 1.1] again,
we may assume that
lim
n→∞
DHn∩G(2) = DH∩G(2)
as dimension data of subgroups of G(5).
Let c be a positive real number. Suppose matrix coefficients of
ρ =
⊗
1≤i≤s
ρi
contribute to Laplace spectrum of G/Hn in the eigenvalue scope [0, c]. Then,∑
1≤i≤s
1
a
(n)
i
χi(ρi) ≤ c
and ρG
(4) 6= 0. Due to a(n)i → ai, we have: when n >> 0, ρi = 1 (1 ≤ i ≤ u)
and ρi (u + 1 ≤ i ≤ s) lies in a finite set. Due to ρG(4) 6= 0,
⊗
v+1≤i≤s ρi
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is determined by
⊗
1≤i≤v ρi up to finitely many possibilities. Then, there are
only finitely many ρ in consideration. For each of such ρ, we that
lim
n→∞
dimV Hnρ = dimV
H
ρ = dimV
HG(1)
ρ .
For the eigenvalues, we have
lim
n→∞
∑
1≤i≤s
1
a
(n)
i
χi(ρi) =
∑
1≤i≤s
1
ai
χi(ρi)
as well. Note that
G/HG(1) ∼= G(2)/G(2) ∩HG(1) ∼= G′/G′ ∩HG(1) = G′/H ′.
These together imply that: the Laplace spectrum of (G′/H ′, m′) is larger than
the Laplace spectrum of (G/Hn, mn) when n >> 1. On the other hand, if
matrix coefficients of
ρ =
⊗
1≤i≤s
ρi
contribute to Laplace spectrum of G/HG(1) ∼= G′/H ′ in the eigenvalue scope
[0, c], then we have the same statements as above. By the stabilization of
invariant dimensions and the convergence of eigenvalues, it follows that the
Laplace spectrum of (G′/H ′, m′) is smaller than the Laplace spectrum of
(G/Hn, mn) when n >> 1. Therefore, the Laplace spectrum of (G
′/H ′, m′)
is equal to the Laplace spectrum of (G/Hn, mn). As Laplace spectrum deter-
mines dimension ([2]), we get a contradiction. 
Motivated by the compactness conjecture of isospectral sets, we think the
following statement should hold.
Conjecture 4.1. There exist only finitely many normal homogeneous spaces
(G/H,m) up to isometry with Laplace spectrum equal to a given spectrum.
Recall that for a fixed pair H ⊂ G, different metrics m on G may induce
the same metric on G/H . When G and m are both given, Conjecture 4.1 is
confirmed affirmatively by Theorem 4.1.
Any normal homogeneous space is of the form M = G/H , where
G = T
∏
1≤i≤s
Gi
with T a torus and each Gi (1 ≤ i ≤ s) a connected and simply-connected
compact simple Lie group, H∩T = 1, and Gi 6⊂ H for any i. LetM = G/H be
of this form. When G is semisimple, as dimG/H is determined by the Laplace
spectrum one shows that there are only finitely many possible G. For a fixed
G, there are only finitely many possible G/H by Theorem 4.2. In this case
Conjecture 4.1 reduces to the the following question, which has an affirmative
answer in case G/H is a compact symmetric space (cf. [3]).
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Question 4.1. Let G be a compact semisimple Lie group, and H be a closed
subgroup with the above constraint. Are there only finitely many normal ho-
mogeneous spaces (G/H,m) up to isometry with Laplace spectrum equal to a
given spectrum?
When G is a torus, then H = 1 by the above constraint. In this case
Conjecture 4.1 is implied by a theorem of Kneser. A simple proof is given in
[8], which is based on the Mahler compactness theorem for lattices In general,
we still have finiteness for G by dimension reason. In this case, the main
difficulty is due to complication the invariant inner product on the toric part
of the the Lie algebra of G. Perhaps a sophisticated use of Mahler compactness
theorem coupled with compactness result for dimension datum ([10, Theorem
1.1]) could overcome this difficulty.
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